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A graph G is said to be k-critical if it has chromatic number k, but every proper subgraph
of G has a (k— 1)-coloring. Gallai asked whether every large k-critical graph contains many
(k—1)-critical subgraphs. We provide some information concerning this question and some related
questions.

A graph G is said to be k-critical if it has chromatic number k, but every
proper subgraph of G is (k— 1)-colorable. K3 is the only 2-critical graph and the
only 3-critical graphs are the cycles of odd length. For k>4, the class of k-critical
graphs is quite complicated and no simple characterization of these graphs can be
expected. The reader should see Bollobds ([3], Chapter 5), the survey article of
Sachs and Stiebitz [8] or the monograph of Toft [11] for an account of some of the
literature.

In this article we consider some questions concerning (k—1)-critical subgraphs
of k-critical graphs. The first of these was raised by Gallai (see [10]), who asked
whether every large k-critical graph must contain many (k — 1)-critical subraphs
and, in particular, whether every k-critical graph of order n contains at least n
(k — 1)-critical subgraphs. This is so when k=3 and also when k=n>4. If G
is a k-critical graph, denote by fi(G) the number of (k— 1)-critical subgraphs of
G and {we abuse notation slightly) let fr(n)=min f;(G), where the minimum is
taken over all k-critical graphs of order n. We then have f3(n)=n il n>3 is odd
and fp(n)=n for n > 3. Gallai’s question is then: Is it true that fi.(n)>n for
k>4, n>k+17 Toft [12] proved that if e; and e are any two distinct edges of a
k-critical graph G there is a (k—1)-critical subgraph of G containing e; but not ey
and Stiebitz [10] deduced from this result that

(1) fe(n) = logy n.

One may also derive (1) from the vertex form of the result of Toft, also given in
[12].
Our main result concerning Gallai’s problem is the following theorem:
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Theorem 1. For k>4, n>k+1,

fr(n)
2 > n.
(2) <k ="

From (2) it is easily seen that the following lower bound holds:

(3) i) > ((k — Dtn)F=T

While (3) is stronger than (1), it is far from providing a positive answer to Gallai’s
question.

It is natural to ask what is the largest possible number Iy (n) of (k—1)-critical
subgraphs a k-critical graph of order » may have. Of course, F3(n)= f3(n)=n for
n odd. Theorem 2 gives bounds for Fy(n).

Theorem 2. For any c<% and any ¢’ > %

(4) n" < Fy(n) < (c'n)"
for all sufficiently large n.

Since Fj11(n+1)>Fp(n)+1, the lower bound for F4(n) given by (4) is also a
lower bound for Fi.(n) for each fixed £>5 and all sufficiently large n. Our proof of
the upper bound in (4) will rely heavily on the fact that the only 3-critical graphs
are the odd cycles. We have not been able to obtain any nontrivial upper bound
for Fj(n) for k>5.

We also consider briefly a question raised by Nesetiil and Rodl (see [14],
problem 45): is it true that for k >4 every large k-critical graph contains a large
(k — 1)-critical subgraph? For k=4, this question was raised by Dirac [5] and a
positive answer was given by Kelly and Kelly [7] and by Voss [16], but for k>3
the problem is still open. Let g;,(G) denote the order of a largest (k— 1)-critical
subgraph of a k-critical graph G. It follows from the theorem of Toft mentioned in
connection with (1) that the following result holds:

Theorem 3. For any k-critical graph G of order n

(5) f{@)gr(G) z n(k - 1).

We shall give a proof of Theorem 3 that does not depend on the theorem of
Toft.

We turn now to the proofs.
Proof of Theorem 1. Let G be a k-critical graph of order n with t= fi(n) (k—1)-

critical subgraphs. Let v€V(QG), the vertex set of G. Since G is k-critical, G—v has
a (k—1)-coloring. Choose such a (k—1)-coloring and denote its color classes by V.

Vs o Vo Fori=1,2,...k—1, let GV denote the subgraph of G induced by
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{'U}U( Uvy ) . GV is (k—1)-chromatic and therefore contains one (at least) of the
J#1

(k —1)-critical subgraphs of G. Choose such a (k—1)-critical subgraph and denote
it by H%V. There may be several choices; it does not matter which one is picked.
Let S(v)={H"W, H>" . H* 1L 1f u,e € V(G), us v, then S(u)# S(v), becanse
one of the graphs in 5( ) does not contain u, while u is a vertex ol every graph in
S(u). It follows that (k—l) >n and this is (2), so that Theorem 1 is proved. 1

Tt will be convenient if we next consider Theorem 3.

Proof of Theorem 3. Let ¢ = f1.(G) and s = g;(G). Let the vertex set of
be V = {vi,v2,...,v,} and let £ = {H,Ha,....H;} be the set of (k— 1)-critical
subgraphs of . Form a bipartite graph L whose parts are V and # and in which
v; is joined to Hj by and edge if v; is a vertex of I1;. By the argument in the proof
of Theorem 1, each v; has degree at least k—1 in L so that the number of edges of
L is at least n(l\, —1). Also, cach H; has degree at most s, so that the number of

edges of L is at most ts. Thus ts>n(k—1). [ ]

Before giving the proofl of Theorem 2 we malke some remarks. A graph G is said
to be vertez-k-critical if for every vertex v of G, G—wv is (k—1)-colorable. Jensen [in
T. R. Jensen and B. Toft, Graph Colouring Problems, Wiley-Interscience, to appear]
has proposed the following stronger form of Gallai’s conjecture; namely, that the
number {;,(G) of vertex-(k—1)-critical induced subgrapls of a vertex-k-critical graph
G of order n is at least n. An examination of the proof of Theorem 1 shows that the
argument given there applies in this context. Thus if I =[(n)=minl;(G), where

the minimum is taken over all vertex-k-critical graphs G of order n, then (ki l) >n
holds. Also, the proof of Theorem 3 shows that {;,(G)gp(G) >n(k-1).

The referee has suggested that the graph L given in the prool of Theoremn 3
may have a matching which covers V. If true, this would give a positive answer to
Gallai’s question and the analogous conjecture for vertex-k-critical graphs would
imply Jensen’s conjecture.

We turn now to Theorem 2.

Proof of Theorem 2. We first establish the lower bound. Let m be a positive integer
and let V' be a set of size 8m-+4. Let V=V UVLUV3UVy be a partition of V into
parts of size 2m+1. Let G;;, be the graph whose vertex set is V' and whose edge
set is given as follows:

i) the edges of a cycle on Vj

ii) the edges of a cycle on Vg

(
(
(iti) the edges of the complete bipartite graph with parts V5 and Vj
(iv) the edges of a matching from V] to V5

(

v) the edges of a matching from V3 to Vj.
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G, is one of the graphs constructed by Toft [13] in establishing the existence
of 4-critical graphs with many edges. It is 4-critical and it is easy to see that it has

more than ((2m+1)!)? cycles of odd length. It follows, via Stirling’s formula, that
the lower bound in (4) holds for infinitely many n. That it holds for all sufficiently
large n may be seen by applying Hajés’ well known construction [6] to Gy, and
seven 4-critical graphs of order 10, 11, 12, 13, 14, 15, 16.

It remains to establish the upper bound for Fy(n). Note first, in order to
place the result in perspective, that the number of odd cycles in Kp, n > 3 is

it

3 (2,7'”%1) (—2—3—)— This sum is clearly an upper bound for Fy(n) and one easily
15[
deduces, using Stirling’s formula, that Fy(n) < (¢'n)" for any ¢ > % if n is large
enough. Our aim is to show that the bound holds for any ¢/ > %e

Let G be a 4-critical graph of order n with Fy(n) odd cycles. For j =
1,2,..., [”51], let there be v(j) odd cycles in G of length 25+ 1 so that

)+ D)+t ([;1]) = Fa(n).

We may choose [,1<[< [”—Ei], so that

2Fy(n)
ma

(6) vl 2

Let # denote the set of induced subgraphs of GG of order 2/ 4+ 1 which contain a
Hamilton cycle and choose H € so that the number h of Hamilton cycles of H is
as large as possible. We then have

(7) h>

Label the vertices of I in some manner and let A be the adjacency matrix of H with
respect to this labelling. The number of coverings of the vertex set of H by vertex
disjoint cycles (directed and with initial vertex specified) is then the permanent of
A. Tt follows that

1
(8) h < m Perm (A).

Let dy,d,...,d9;+1 be the degree sequence of H. It follows from the theorem of
Brégman [4] {see also [9] or [2], pages 23-25) that

20+1
(9) Perm (A4) < H (di!)l/di‘
i=1
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From (6), (7), (8) and (9) it now follows that

(10) F (n) < 77«(212-1) 2ﬁl(d")]/di
W= 4er e

1=

The product appearing in (10) cannot be larger than that obtained when the degrees
of the vertices of H are as nearly equal as possible. See Lemma 2.3 and Corollary
2.3 of the paper of Alon [1]. Thus, if m denotes the number ol edges of H and we

define u and r by u= [ﬁﬂ and ru+(21+1—7)(u+1)=2m. we have. frow (10),

2041
. "(2111) T 2041~y
F ) < ——= ,! " 14 ] ’ -t
(11) ) < ey (D (e 1)
We also have
20+ 1)2
(12) m S (___:.._)_

since, otherwise, by Turdn’s Theorem [15], H would contain K4 and hence could
not be a subgraph of a 4-critical graph. It now follows from (11) and (12) and some
computations involving Stirling’s formula that the upper bound in (4) holds. |

Note that the proof actually provides an upper bound for the number of odd
cyvcles contained in a graph not containing I{y.

It would be of interest to know whether there is a constant ¢; < 1 for which
Fy(n)<n“™ for all sufficiently large n.
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